In this paper we modify the EiBI model to realize a varying cosmological constant which is determined by matter distribution. We find that the Newton's constant is also variable and its change is related to the change of cosmological constant. And then we study its cosmological behavior. We find that the early universe will have different behaviors if we take different forms of pending functions. And we can avoid singularity in early universe just like the original EiBI model.
I. INTRODUCTION
Among various dark energy candidates, the cosmological constant Λ is phenomenologically the simplest one and gives well account of observational data, even though it brought lots of puzzles challenging the fundamental physics. In general relativity (GR), Λ is forced to be a true constant by the covariance of the theory. However, people have continues interests to know whether the cosmological constant can be promoted to be a dynamical variable. One way to promote the cosmological constant is replacing Λ by a dynamical scalar field with kinetic and potential terms. In this way one introduces a new propagating degree of freedom to the universe, as people have done in quintessence or some other dynamical dark energy models. Another way is treating Λ as a variable without kinetic term in the action, like the Lagrange multiplier. However, naively promote Λ as a Lagrange multiplier in the action of GR+Λ, the variation with respect to Λ yields vanishing spacetime volume:
√ −g = 0, where g is the determinant of the metric tensor g µν . This is physically nonsense.
Recently, a model with varying cosmological constant using the second approach mentioned above was proposed in Ref. [1] by adding a "quasi-topological" term to the action of GR+Λ:
where √ −gC is a topological invariant, such as the Gauss-Bonnet term or the Pontryagin invariant. Because this term is inversely proportional to Λ, contrary to the original Λ term, the variation with respect to Λ gives the result that Λ 2 is proportional to the topological invariant whose spacetime dependence is further determined by the matter distribution and the dynamical torsion in the universe. This model has some consequences on cosmology, this was studied in Ref. [2] .
We note that, to realize a varying cosmological 'constant', Λ was inserted into the denominator of the "quasitopological" term in Ref. [1] . We also note that another case where Λ appears in the denominator is the action of the Eddington gravity [3] :
where |R| is the determinant of the Ricci tensor R µν , which was purely determined by the affine connection Γ ρ µν . The Eddington gravity is equivalent to GR in the absence of matter. But it has difficulty to account for matter-gravity couplings, since there is no metric at the beginning. Historically, Eddington's gravity has been extended several times [11] [12] [13] . And several years ago, Eddingtons gravity was expanded again in Ref. [4] , where the action has the Born-Infeld like structure:
where Ψ is matter field. This so-called Eddington-inspired Born-Infeld (EiBI) gravity is not purely affine, the metric tensor g µν was introduced at the starting point. In this theory, the matter action and couplings were added in the same way as in GR. The EiBI approaches to the model of GR+Λ for small values of κR, where the cosmological constant is
but it deviates GR significantly for large curvature. In this paper we will apply the idea of Ref. [1] to the EiBI model to realize a varying cosmological constant in EiBI. Since in the original EiBI model [4] , the cosmological constant Λ was determined by two constants κ and λ as shown in Eq. (4), we will promote both of them to be dynamical variables in our new model. Generally we will replace them by the functions of κ as in the following action:
Please note that here we allow that the functions f 1 (κ) and f 3 (κ) may be different. In the original EiBI, both of them are replaced by the same constant κ. Since all the f i (κ) functions are dependent on κ, we can always make f 3 (κ) = κ by redefinition. We will do so hereafter and start with the simpler action:
II. THEORY AND GENERAL ANALYSIS
We will study the model (6) in terms of the first order formalism in which the metric g µν and the connection Γ ρ µν are considered as independent variables when using the variational principle. For the sake of simplicity, we do not consider the torsion and assume that the matter does not couple to the connection Γ ρ µν directly. The equations of motion can be obtained by varying the action with respect to g µν , Γ ρ µν and κ respectively:
∇
where Q µν = g µν + κR µν , |Q| is the determinant of Q µν , Q −1 µν is the inverse matrix of Q µν , T µν is the standard energy-momentum tensor, and the prime represents the derivative with respect to κ. Eq. (9) is a constraint equation, it means that the κ is determined by g µν and R µν . Other equations of motion tell us that g µν and R µν are determined by the energy-momentum tensor and κ. Roughly speaking, κ is determined by matter distribution. From Eq. (8), we know that there is an auxiliary metric q µν ≡ (κ/f 1 )Q µν which is compatible with the connection Γ ρ µν , i.e., Γ ρ µν = 1 2 q ρσ (q µσ,ν + q νσ,µ − q µν,σ ) and q µν is the inverse of q µν . In terms of the auxiliary metric, we can rewrite the above three equations of motion as
where q is the determinant of q µν . Similar to the original EiBI model [4] , our extended gravity model should approach GR with a varying cosmological constant at the the regime of small curvature, because GR has been tested by many experiments at low energy scales. Now we will investigate how this requirement constrains our model. At the limit of small curvature where κR µν g µν , one obtains
in terms of Eq. (11), where R µν = g µα g νβ R αβ is the contravariant Ricci tensor and R is its trace, i.e., the curvature scalar. With these, the Eq. (10) at the first order of κR becomes
We can see that the gravitational field equation (14) at low curvature scale is very similar to the Einstein equation of GR, except that both Newton's 'constant' G = (1/8π)(f 1 /κ) and the cosmological 'constant' Λ = (f 2 − 1)/κ are generally spacetime dependent variables. At the same order the constraint equation (12) is approximately
This equation showed how Newton's and the cosmological 'constants' change with the spacetime. Because Eq. (15) relies on the curvature scalar, these two 'constants' are finally determined by the matter distribution. In fact, take the trace of Eq. (14) and substitute it into Eq. (15), one will obtain the following relation,
where T is the trace of the energy-momentum tensor. What should be noted is the special case where f 1 = κ. In this case Eq. (15) showes that dΛ = 0, so both G and Λ are true constants even though κ itself is a spacetime function, and the model returned to GR+Λ exactly. Besides this special case, the Eqs. (15) or (16) impose the restriction that in this model these two 'constants' should vary together. A varying Newton's 'constant' has been studied a lot in the Ref. [5] , especially in the framework of scalar-tensor theories of gravity. Currently there are some upper limits on the change rate of Newton's 'constant' imposed by experiments or observations, for instances, the constraints from pulsars [6] , lunar laser ranging [7, 8] , Big Bang nucleosynthesis [9, 10] are roughly at the same order: |d ln G/dt| t0 < ∼ 10 −12 year −1 . These results also put a constraint on the change rate of the cosmological 'constant' through the model discussed here. In the late universe (low curvature and Λ dominant) of the ΛCDM cosmology, the equation (16) implies
Locally, Newton's 'constant' is spatial dependent, its variation depends on local matter distribution. Given this, we may know how the cosmological 'constant' vary with spatial position in terms of Eqs. (15) or (16). As in the original EiBI model, our extended model deviates GR significantly at the high curvature scales, κR µν g µν . At these scales, q µν (κ 2 /f 1 )R µν , the action of gravity approaches Eddington's except the difference that κ and f 1 are functions instead of constants. The Eq. (10) dictates how the auxiliary metric q µν which is compatible with the connection relates to the physical metric g µν to which the matter couples minimally, this will transform to the relation between the curvature and matter,
where (R −1 ) µν is the inverse of R µν . The constraint equation (12) in this limit becomes,
Combined these two equations, our model yields the following relation at the high curvature scales:
This is quite different from Einstein's equation and different behaviors of the system governed by this gravity model is strongly expected at high curvature regime. Below we will apply this model to cosmology. One may expect that, in comparison with the standard cosmology based on GR, significant difference appears at the early universe and diminishes to a negligible level at late times. We will confirm these results by solving Eqs. (10)(11)(12) numerically in the universe. By the way, for the original EiBI model, there is an equivalent bimetric-like action [14] . Similarly, there is an equivalent bimetric-like action in our model,
One can easily prove that the equations of motion obtained from variations of above bimetric-like action with respect to g µν , q µν and κ are equivalent to Eqs. (10)(11) (12) . Therefore the action (21) is equivalent to the original action (6) .
III. APPLICATION TO COSMOLOGY

A. Homogeneous and isotropic background
Imitating the discussion in Ref. [4] , we apply this theory to cosmology. We assume that the background is Friedmann-Robertson-Walker (FRW) spacetime, which is homogeneous and isotropic. And we only consider the case that the space is flat. So the metric g µν and the auxiliary metric q µν have the following form
The ansatz for q µν in terms of two functions U (t) and V (t) was first adopted in Ref. [4] . We also assume that the matter can be considered as perfect fluid and its energy-momentum tensor has the form: T µν = (p + ρ)u µ u ν + pg µν . From Eq. (10), we can get
where
where H =ȧ/a and dot represents derivative with respect to time. These equations can be returned to the equations in Ref. [4] when we set f 1 = κ = constant and f 2 = λ = constant. The constraint equation (12) has the following form in the FRW universe:
where T = g µν T µν = −ρ+3p is the trace of energy-momentum tensor. In addition, from the diffeomorphism invariance of the matter action S M [g, Ψ], we can get the continuity equatioṅ
B. The behavior of very early universe From discussions in previous section we know that the model is consistent with Einstein's gravity at small curvature scales (low energy density). So the cosmological evolution equations are close to those of standard cosmology at late time. In the very early universe, however, the energy density and the curvature are large enough. The model seriously deviates from Einstein's gravity so that the evolution of universe will seriously deviate from the standard big-bang cosmology. So we will focus on the very early universe under this model.
For this purpose, we will assume that the very early universe is dominated by radiation, p = ρ/3 and ρ ∝ a −4 due to the continuity equation (27) . For the convenience of analysis, we define an auxiliary density asρ = f 1 ρ/f 2 . Then, from Eq. (25) together with Eqs. (26) and (27), we can get
where Let's briefly analyze what kinds of functions are appropriate. For convenience, we take 8πG| ρ=0 = 1, this requires f 1 (κ 0 ) = κ 0 , where κ = κ 0 is the solution of (26) when ρ = 0. In order to ensure that (17) is satisfied at low energy density, we take (d ln G/dρ)| ρ=0 = 0, it is in turn requires f 1 (κ 0 ) = 1. This condition guarantees that at late time the rate of variation, (d ln G/dt)| t0 , is proportional to the second order derivative (d 2 ln G/dρ 2 )| ρ=0 and current Hubble constant H 0 , both have extremely small values. From constraint equation (15) , we can know that this condition also means that (dΛ/dρ)| ρ=0 = 0 or f 2 (κ 0 ) = Λ 0 , where Λ 0 = Λ| ρ=0 .
We first consider some examples where the functions f 1 and f 2 satisfy above conditions:
(1) f 1 = 2e κ−3 + e 3−κ and f 2 = 1/ cosh(κ − 3). The behavior of the early universe is shown in FIG.1. We can see that, in this case, the scale factor remains as an almost constant at the early time and approaches to the standard big-bang at late time. This is similar to the case of κ > 0 in the original EiBI model [4] .
(2) f 1 = κ 2 − κ + 1 and f 2 = κ 2 − 2κ + 2. The behavior of the early universe is shown in FIG.2. In this case there is a bounce in the early universe before entering into the standard big-bang cosmology. This behavior is similar to the behavior with κ < 0 in the Ref. [4] .
(3) f 1 = sinh(κ − 10 −2 ) + 10 −2 cosh(κ − 10 −2 ) and f 2 = 1/(1 + (x − 10 −2 ) 2 ) The behavior of the early universe is shown in FIG.3 . This case is similar to case (1) except that the scale factor oscillates slightly during the epoch before entering into the standard big-bang. The oscillating paradigm also appears in the relation between H 2 andρ.
(4) f 1 = 2e κ−3 + e 3−κ and f 2 = cosh(κ − 3). The behavior of the early universe is shown in FIG.4 . This case is similar to case (2) except that the scale factor oscillates slightly during the epoch before bouncing to the standard big-bang. The oscillating paradigm also appears in the relation between H 2 andρ.
In all above cases, the energy density of the universe has an upper bound, so that the scale factor has a lower bound and the singularity can be avoided in the early universe. And here we just give four examples, we can expect more Time t different behaviors when choosing more different functions.
In the original EiBI model, there are only two different behaviors in a flat and radiation dominated universe [4] . However, the early universe will have more different behaviors in the original EiBI model if it is affected by other more strange components or by the spatial curvature [15] . So, we can expect that in our model, the early universe will have more abundant behavior when considering the influence of different dominant components or spatial curvature.
IV. CONCLUSIONS
In this paper, by replacing κ and λ in original EiBI action with the functions of κ, we realize a varying cosmological constant in EiBI. At the limit of small curvature, the theory returns to GR. But Newton's constant and cosmological constant are variables, and the changes are related to each other and are affected by the distribution of matter. In order to be consistent with the experiment, we require that they change very little, so there are some restrictions on the pending functions. At the high curvature scales, the theory will seriously deviate from GR. So the behavior of the early universe will be different from standard cosmology.
Next, we study the cosmological behavior in a homogeneous isotropic background when the universe is dominated by radiation. We find that the early universe will have different behaviors when we take different forms of pending functions. Some of them behave similarly to the original EiBI model while others have different behaviors. Same as the original EiBI model, all pending functions we have listed above can make the energy density has an upper bound, so that the scale factor has a lower bound and the singularity can be avoided in the early universe. And the late behavior is consistent with standard cosmology.
